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I. INTRODUCTION 
Let Y be a Banach space with norm 1 j , let A be a metric space with 
metric p, let R be the set of all real numbers, and let R+ be the set of all non- 
negative real numbers. We propose to investigate the dependence of the 
solution u of the problem 
u’(t) = A@, t, u(t)); u(0) = z (1) 
on h and x, where (A, ,z) is in A x Y and A is a continuous function from 
A x R+ x Y to Y. Our results are such that, if Y is finite dimensional, they 
follow from classical theory (see, for example, [l, Theorem 3, p. 171). How- 
ever, the methods of the finite dimensional proofs, i.e., the approximation of 
continuous functions by Lipschitz continuous functions, do not seem to 
apply here. 
Our hypotheses on A will be such that global existence and uniqueness 
of solutions for (1) follows from both of [4] and [5]. We will apply our results 
to integral equations of the form 
u(t) =f(t) + a(t) 1” b(s) B(s, 44) ds 
0 
to show that u depends continuously on f, a, and b. 
II. CONTINUOUS DEPENDENCE 
Let 9 be the FrCchet space of continuous functions from R+ to Y, with 
the topology of uniform convergence on compact intervals. Let A be a con- 
tinuous function from A x R+ x Y to Y, and let (Y be a continuous function 
from A x Rf to R. We shall need condition (Cl): 
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(Cl) If (A, t, X, y) is in A x RR+ x Y x Y and c is a positive number then 
I ‘a? - y - c[.w, 4 x) - A(& 4 Y>ll 2 [1 - 44 t>l Ix - Y I * 
For the remainder of this section we shall assume that condition (Cl) 
holds. Now it has been shown independently by N. Pave1 [5] and by R. H. 
Martin, Jr., and the present author [4] that if (A, z) is in A x Y then there is 
exactly one member u of % such that (1) is true whenever t is in (0, co). 
Let T be the function from A x Y to 9 having the property that if (A, z) is 
in A x Y then To\, z) is that member u of F described in the previous sen- 
tence. 
THEOREM. T is continuous. 
Our proof of the theorem will depend on an inequality which is interesting 
in its own right. 
LEMMA. Let each of (A, x) and (p, y) be in A x Y, and let u = T(h, x), 
et = T(p, y). Then 
whenever t is in R+. 
Note in the lemma that, if h = p, then 
I 40 - @>I G I x - Y I exp [( ~CL, 4 ds] 
whenever t is in R+. Hence, for “fixed” A, we can conclude stability properties 
for (1) from corresponding properties in the scalar equation 
f(t) = 4, 4 4(t). 
Compare [l, p. 591. We shall first show that the theorem follows from the 
lemma, and then prove the lemma. 
Proof of the Theorem. Let {(A,, z,,)},“~ be a A x Y-valued sequence, and 
suppose lim,,,(p(h, , A,) + 1 z, - z, 1) = 0. If n is a non-negative integer, 
let u, = T& , zn). It suffices to show that if b is a positive number then 
l$% maxi1 urn(t) - q(t)l: t is in [0, b]} = 0. 
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Let b be a positive number. Let 
d = PO 9 A,, A, ,...> and K = {u,(t): t is in [0,6]).. 
Now d is a compact subset of (1 and K is a compact subset of Y. Since d 
is compact, 01 is bounded on d x [0, 61, so there is a positive number M 
such that 
IS 
t 
exp a(X,,r)dr <M 
s I 
whenever 0 < s < t < b and n is a non-negative integer. Also, 
d x [0, b] x K is a compact subset of /l x Rf x Y, so A is uniformly 
continuous on /1 x [0, b] x K. In particular, if E is a positive number then 
there is a positive integer n, such that if n is an integer and n > n, then 
I 4&l , 4 %l(t)) - 44J , 4 %W)l < E 
whenever t is in [0, b]. 
Let E be a positive number. Let n, be a positive integer such that if n is an 
integer and n > n, then 
I % - x0 1 < 42M and I 4~ , t, u,,(t)) - 44, , t, u,(t))l < 5’2bM. 
Let n be an integer such that n > n, . Now, from our lemma, 
I %2(t) - uo(t)l 
V 
t 
< I 2, - z. I exp 4L > 4 ds 
0 1 
+ 1 tI A(& , s, ~~(9 - 4,, s, uo(s))l exp[It4L ,~1 dr] ds 
< 42 ; (c/2bM) .c t M ds 
s 
0 
< Ej2 f C/2 = E 
whenever t is in [0, b]. This completes the proof. 
Let m- be that function from Y x Y to R given by 
m-[%Yl = ~~$W) (I 3 + SY I - I x I)* 
It is now the case that condition (Cl) is equivalent to requiring that 
m-[x - y, 46 4 4 - 4 t, Y)l G 46 4 I x - Y I 
whenever (X, t, x, y) is in /I x Rf x Y x Y (compare [l, p. 31). Also, if 
(x, y, a) is in Y x Y x Y and (a, b) is in (0, co) x Rf, then 
m-[ax, by] = bm-[x, y] and m-p, y + 4 G fd?, Yl + I z I 
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(see [4, (5)] and [3, L emma 61). If g is in 9, if c is in (0, CO), if g-‘(c) (the left 
derivative of g at c) exists, and if P is given on Rf by P(t) = 1 g(t)1 , then 
P-‘(c) exists and P-‘(c) = m-[g(c), g’(c)] (compare [l, p. 31). We are now 
prepared to prove the lemma. 
Proof of the Lemma. Let Q be given on R+ by Q(t) = 1 v(t) - u(t)1 . NOW 
Q(0) = 1 x - y 1 and, if t > 0, 
Q-‘(t) = m&(t) - u(t), v’(t) - u’(t)] 
= m-b(t) - 4t), A(P, 4 W) - 4, 4 WI 
= m-b(t) - 4th JCL, 4 @)> - 4, t, u(t)) 
+ 44 4 49) - 4 4 W)l 
< m-Mt> - 4t), 4-h t, w> - & 4 WI 
+ I 4% 4 44) - 4k 4 f4Nl 
< 4, t> Q(t) + I 4, t, 44) - 44 t, M)l. 
The lemma now follows from [2, Theorem 1.4.1, p. 151. 
III. AN APPLICATION TO AN INTEGRAL EQUATION 
Let B be a continuous function from R+ x Y to Y, and let /3 be a continu- 
ous function from Rf to R. For the remainder of this section we shall assume 
that condition (C2) holds: 
p-2 If (4 x7 Y> is in Rf x Y x Y and c is a positive number then 
1 x - y - @(t, x) - B(t, r)ll 3 [1 - 4Wl I x - Y I . 
Let A be the set to which (f, a, b) belongs only in case f is in F, a is a 
continuous function from R+ to (0, co), and b is a continuous function from 
R+ to Rf. Let A be endowed with topology of coordinatewise uniform 
convergence on compact subsets of R+. Now A is a metric space. Let A be the 
function from A x R+ x Y to Y having the property that if h = (f, a, b) 
is in A and (t, 3) is in R+ x Y then 
44 t, x) = b(t) B(t, f (t) + a(t) 4 
and in the same circumstance let 
4, 4 = b(t) P(t) a(t). 
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Now, since B is uniformly continuous on compact subsets of its domain, we 
easily see that A and 01 are continuous. Suppose that (A, t, x, y) is in 
Ax-R+xYxYandh=(f,a,b).Now ~- 
m-k - Y, A(& t, 4 - A@, t, r)l 
= b(t) m-k - Y, BP, f (4 + 4) 4 - W, f(t) + 44 r)l 
= b(t) d(f (9 + 44 4 - (f(t) + 49 Y>, B(t, f (9 + 40 4 
- B(4f (0 + a(t) Y)l 
Thus (Cl) is satisfied and our theorem applies. Let S be that function from A 
to fl having the property that, if X = (f, a, b) is in A, and w = T(A, 0), then 
S(h) is that member u of .F given by 
Now S is clearly continuous, since T is continuous. 
Let h = (f, a, b) be in A, let w = T(h, 0), and let u = S(X). Now w(0) = 0, 
and, if t > 0, 
SO 
w’(t) = b(t) B(t,f(t) + 4) w(t)) 
= b(t) B(t, u(t)>, 
w(t) = I’ b(s) B(s, u(s)) ds 
and 
u(t) = f (t) + a(t) jot b(s) B(s, u(s)) ds, 
i.e., u solves (2) on Rf. Now suppose 7 > 0, h is a continuous function from 
[0, T) to Y, and h solves (2) on [0, 7). Let g be given on [0, 7) by 
g(t) = 1 t b(s) B(s, h(s)) ds. 
0 
Nowg(0) = 0, and, if 0 < t < r), 
g’(t) = b(t) W, h(t)) = b(t) BP, f (t) + 4) g(t)) 
since h solves (2). Thus g(t) = w(t) whenever t is in [0, 7) and 
h(t) = f(t) + a(t) g(t) = f (4 + 4) w(t) = U(t) 
CONTINUOUS DEPENDENCE 353 
whenever t is in [0, 7). Global existence and uniqueness for (2) are now 
immediate. Also, if X = (f, a, b) is in /I, then S(h) is the unique solution of 
(2) on R+. Since S is continuous, we see that we have a continuous dependence 
result for (2). 
A particularly interesting case of this last result is the case when 
a(t) = b(t) = 1 w h enever t is in R+. Then we see that, in the equation 
U(t) = f(t) + Jb” B(s, u(s)) ds, 
u depends continuously on f. Equation (3) is a natural generalization of 
ordinary differential equations, since, if t is in (0, a), u’(t) exists if and only if 
f’(t) exists, and, in this case, 
u’(t) = f ‘(4 + BP, u(t)). 
Thus we can treat equations such as 
u’(t) = g(t) + BP, +)); u(0) = x 
for some discontinuous forcing functions g, and get continuous dependence 
in the integral metric. The reader can easily supply the details relevant to 
this last observation. 
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